For a complex analytic variety with an action of a finite group and for an invariant 1-form on it, we give an equivariant version (with values in the Burnside ring of the group) of the local Euler obstruction of the 1-form and describe its relation with the equivariant radial index defined earlier. This leads to equivariant versions of the local Euler obstruction of a complex analytic space and of the global Euler obstruction.
Introduction
The classical notion of the index of an isolated singular point (zero) of a vector field on a manifold has a number of generalizations to vector fields and 1-forms on singular varieties, e.g., the GSV index of a vector field on an isolated hypersurface or complete intersection singularity, the Euler obstruction of a 1-form, the homological index of a vector field or of a 1-form, the radial index of a vector field or of a 1-form, etc. Surveys of these results can be found in [5, 8] . The sum of the radial indices of singular points of a vector field or of a 1-form (with only isolated singularities) on a compact variety is equal to the Euler characteristic of the variety. On a smooth manifold the Euler obstruction and the radial index of an isolated singular point of a vector field or of a 1-form coincide with the usual index. Thus the radial index and the Euler obstruction are related to the Euler characteristic.
There are several equivariant versions of the Euler characteristic for spaces with actions of a finite group G, in particular, the Euler characteristic of the quotient space, the orbifold Euler characteristic offered by physicists [6] and its higher order generalizations [1] . One can also define an equivariant Euler characteristic as an element of the representation ring of the group G. However, a more general concept is the equivariant Euler characteristic defined as an element of the Burnside ring B(G) of the group G [15, 14] . The other versions of the Euler characteristic mentioned above are specializations of this one. This leads to the problem of definition of indices of singular points of vector fields and of 1-forms on G-varieties as elements of the Burnside ring B(G). For vector fields on (smooth) G-manifolds this was done in [11] . For the radial index and for the GSV one this was done in [9] .
Here we give an equivariant version (with values in the Burnside ring B(G)) of the local Euler obstruction of a 1-form and describe its relation with the equivariant radial index. This leads to equivariant versions of the local and global Euler obstructions of a complex analytic variety. The equivariant version of the local (at a point x) Euler obstruction lies in the Burnside ring of the isotropy group of the point x; the equivariant version of the global Euler obstruction lives in the Burnside ring of the group under consideration.
Euler obstruction of a 1-form
The Euler obstruction of a (real) 1-form ω on a germ (V, x) of a complex analytic variety was essentially defined in [12] .
Let V be a complex analytic variety endowed with a Whitney stratification {V i } i∈I and let ω be a complex (continuous) 1-form on it (i.e. the restriction of a 1-form on an ambient smooth space). A point x ∈ V is a singular point of the 1-form ω on V if it is a singular point (zero) of the restriction of the 1-form ω to the stratum V i containing x. In particular, all zero dimensional strata of the stratification are regarded as singular points of ω.
Assume that the form ω on (V, x) has an isolated singular point at x. Let B ε (x) be a ball of a small radius ε > 0 around x such that representatives of (V, x) and ω are defined in B ε (x) and ω has no singular points on V \ {x} inside this ball. Let ν : V → V be the Nash blow up of the variety V and let T be the Nash bundle over V : see, e.g., [12, 7] . The 1-form ω defines a section ω of the (real) dual Nash bundle T * which has no zeros outside of ν −1 (x). The local Euler obstruction Eu(ω, V, x) of the 1-form ω on (V, x) is the obstruction to extend the non-zero section ω from the preimage of the sphere S ε = ∂B ε (x) to the preimage of the ball B ε (x).
The local Euler obstruction Eu(V, x) of the germ (V, x) of a complex analytic variety is the local Euler obstruction of the radial 1-form d|r| 2 on it, where r is the distance to the point x. If {V i } i∈I is a Whitney stratification of a complex analytic variety V and V i ⊂ V j then the local Euler obstruction Eu(V j , p) at any point p ∈ V i does not depend on p (see [3, Corollaire 10 .2], [5, Theorem 8.1.1]). We shall denote it by Eu(V j , V i ). It is equal to the local Euler obstruction Eu(N ij , p) of a normal slice N ij of the variety V j to the stratum V i (at the point p) (see [2, Section 3] ). If V i ⊂ V j , we assume Eu(V j , V i ) to be equal to zero.
To be consistent with [7] , we prefer to consider indices of complex valued 1-forms on a variety. The difference in the definition emerges from the difference in the orientation of the (complex) dual space to C n and the orientation of the (real) dual space to C n with its complex structure forgotten (see, e.g., [4] or [7, Example on page 238]). This leads to the following definitions. Definition: The Euler obstruction and the radial index of a complex valued 1-form ω on a germ of a purely n-dimensional complex analytic variety (V, x) are defined by
where Re ω is the real part of the 1-form ω.
The same (sign) convention should be applied to the definition of the equivariant radial index in [9] . (There they were defined for real-valued 1-forms.) There is a natural homomorphism from the Burnside ring B(G) to the ring R(G) of representations of the group G which sends a G-set X to the (vector) space of functions on X. If G is cyclic, then this homomorphism is injective. In general, it is neither injective nor surjective.
Burnside ring
For a subgroup H ⊂ G one has two natural homomorphisms of abelian groups: the restriction map R G H : B(G) → B(H), which sends a G-set X to the same set considered with the action of H, and the induction map I G H : B(H) → B(G), which sends an H-set X to the G-set G × X/(gh, x) ∼ (g, hx). The first one is a ring homomorphism, the latter one is not. The reduction homomorphism R G {e} sends a virtual G-set A to the number |A| of elements of A.
The main requirement for an equivariant version with values in the Burnside ring B(G) of an integer valued invariant is that it reduces to the usual (non-equivariant) one under the reduction homomorphism R G {e} . For a "sufficiently good" G-space V , say, a subanalytic variety, one has a natural equivariant version of the Euler characteristic with values in the Burnside ring B(G) of the group G: [15, 14] . It can be defined by the equation
where
is the set of points x ∈ V with the isotropy subgroup
The equivariant radial index of a vector field or of a 1-form defined in [9] takes values in the Burnside ring B(G x ) of the isotropy subgroup G x of an isolated singular point x. For a compact subanalytic variety V and for a G-invariant 1-form ω on it, one has
where p is a point of the G-orbit p.
An equivariant version of the Euler obstruction
Let (V, x) ⊂ (C N , x) be a germ of a complex analytic variety with an action of a finite group H and let {V i } i∈I be an H-invariant Whitney stratification of it. (It is assumed that all the points of a stratum V i have one and the same conjugacy class [H i ] of the isotropy subgroups and that V i /H is connected for each i. We assume that V = V i 0 for some i 0 ∈ I.) The strata V i are partially ordered:
Let ω be a germ of an H-invariant complex 1-form on (V, x) with an isolated singular point at x. Let B ε (x) be a ball of a small radius ε around x such that representatives of V and of ω are defined in B ε (x) and the 1-form ω has no singular points on V \ {x} inside B ε (x); let S ε := ∂B ε (x). There exists an H-invariant 1-form ω on V ∩ B ε (x) such that 1) the 1-form ω coincides with ω on a neighbourhood of V ∩ S ε ;
2) the 1-form ω has finitely many singular points on V ∩ B ε (x);
3) in a neighbourhood of each singular point p ∈ V ∩ B ε (x), p ∈ V i =: V (p) , the 1-form ω is a radial extension of its restriction to the stratum V (p) ; see [9] . Definition: The H-equivariant local Euler obstruction of the 1-form ω on (V, x) is Since, in a neighbourhood of a singular point p, the 1-form ω is a radial extension of its restriction to the corresponding stratum V (p) , one has Eu ( ω; V, p) = Eu (V, V (p) ) · ind ( ω |V (p) ; V (p) , p) (see, e.g., [4] ). Therefore R Remark. The H-equivariant radial index ind H rad (ω; V, x) of the 1-form ω, defined (for the real setting) in [9] , is equal to
(Pay attention to the sign the origin of which was described earlier.) Thus the equivariant radial index and the equivariant local Euler obstruction should be related. Let ζ ij be the zeta function of the partially ordered set (poset) of the strata V i :
and let µ ij be the Möbius function of this poset, i.e. µ ij = 0 for i j and j ζ ij µ jk = δ ik (the Kronecker delta): see [10] .
Theorem 1
For an H-invariant complex 1-form ω on the germ (V, x) one has
Proof. Let
As it was mentioned above, s i does not depend on the choice of the 1-form ω possessing the properties 1)-3). One has
From (3) it follows that
From (4) one gets
Applying (5) to k = i 0 (V i 0 = V ) one gets Equation (2) . ✷ Equation (2) means that the equivariant local Euler obstruction of an Hinvariant 1-form ω on (V, x) is a linear combination of the equivariant radial indices of ω on the closures V j of the strata with integer coefficients depending only on the stratification. A similar equation (for H = {e}) was obtained in [7, Corollary 1] in other terms. Let N ij be the normal slice of the variety V j to the stratum V i (at a point p of it). (We assume that for i j k one has N ij = N ik ∩ V j .) Let n ij be defined by
for the differential dℓ of a generic linear function ℓ : C N → C, and let m ij be the Möbius inverse of the function n ij on the poset of the strata V i (see [10] ). In [7, Corollary 1] the following equation was obtained:
The invariants used there and the proof cannot be adapted to the equivariant setting: the deformation of the 1-form considered there will not, in general, be H-invariant. The following statement establishes the relation between Equations (2) and (6).
Proposition 1 One has
Proof. Let us denote the left hand side of (7) by m jk and let n ij be the Möbius inverse of the function m jk on the poset of strata. For H = {e}, Theorem 1 applied to the normal slice N ik of V k to the stratum
This implies that
For a generic linear function ℓ one has
Therefore n jk = ind rad (dℓ |N jk ; N jk , p) = n jk .
✷
One can define the equivariant local Euler obstruction Eu H (η; V, x) of a real 1-form η on (V, x). As it was explained in Section 1, it should be defined as
for the complexification η C of the 1-form η. In particular, the equivariant local Euler obstruction Eu H (V, x) of a complex analytic space V at a point x is the equivariant local Euler obstruction Eu H (d|r| 2 ; V, x) of the (real) radial 1-form d|r| 2 . In this way the notion of the global Euler obstruction of a quasi-projective subvariety V in C N defined (in the non-equivariant setting), e.g., in [13] has a natural equivariant generalization for a G-invariant subvariety V as an element of the Burnside ring B(G):
for a real 1-form η rad on C N which is radial at infinity. In the obvious way one gives the definition of the global Euler obstruction for compact analytic varieties and gets an equivariant version of it as an element of the Burnside ring. The definition of the equivariant global Euler obstruction (and of the local one as well) cannot be obtained by a slight modification of the usual one because of the lack of a notion of the topological obstruction as an element of the Burnside ring in an equivariant setting.
Let V be either a closed quasi-projective variety in C N or a compact complex analytic variety and let {W j } j∈J be a G-invariant Whitney stratification of V .
Proposition 2 One has
We shall use the following lemma. Let M be a (real) manifold with boundary ∂M. A 1-form η on M will be called pointing inwards if, at each point p ∈ ∂M such that the restriction of η p to ∂M vanishes, the value of η p on a vector pointing inwards M is positive. Proof of Proposition 2. We shall write the proof for a compact complex analytic variety. For a (closed) subvariety in C N one can apply the same arguments taking into account that, in the definition of the global Euler obstruction, instead of a 1-form η rad which is radial at infinity one can use the 1-form −η rad . It is sufficient to prove (8) for a subpartition of the stratification {W j } j∈J . Therefore one can assume that the isotropy subgroups of the points of a stratum W j are all conjugate to the same subgroup H j . To compute the global Euler obstruction one can use a G-invariant 1-form η which, in a neighbourhood of each singular point is the radial extension of its restriction to the corresponding stratum. For each stratum W j let T j be a small tubular neighbourhood of the union of adjacent strata. Its complement ✷ Let (V, x) ⊂ (C N , x) be an H-invariant n-dimensional isolated complete intersection singularity defined by H-invariant equations. In [9] , there was defined the notion of the equivariant GSV index ind
